a b s t r a c t Origami-inspired structures and mechanical metamaterials are often made up of individual tessellating repeat units, the folding and relative geometry of which determine the overall mechanical properties. If these units are identical, then the mechanical behaviour of the structure is uniform throughout, meaning that it is not able to adapt to changeable loading conditions. Here we create and study an origami structure, based on the Miura-ori folding pattern, which has a varying geometry over its volume and graded stiffness. Using kinematic analysis, we show how geometric parameters of the folding pattern can be varied to create both rigid foldable and self locking stages. We demonstrate both experimentally and numerically that the structure can achieve periodically graded stiffness when subjected to quasi-static out-of-plane compression, and the mechanical responses can be tuned by changing the underlying geometric design. We obtain a structure with superior energy absorption capability to uniform tessellating repeat units, and anticipate that this strategy could be extended to other structures and metamaterials to impart them with non-uniform and graded mechanical properties.
Introduction
Origami has recently seen a surge in research interests from mathematicians, engineers and physicists. Making use of the superior ability of origami to transform 2D sheet materials into complicated 3D shapes, researchers have developed novel structures with a wide range of engineering applications, such as deployable structures [1, 2] , medical foldable devices [3] , energy absorption structures [4] [5] [6] [7] [8] [9] [10] [11] and mechanical metamaterials [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] .
When prefolding a thin-walled structure following a proper origami pattern, its buckling and post-buckling modes can be pre-designed, which leads to a device with low peak force and high energy absorption efficiency. Ma and You [4] applied a novel origami pattern to square tubes in order to induce a complete diamond mode with doubled number of travelling plastic hinges. Quasi-static numerical simulations showed that both low peak force and high energy absorption efficiency were achieved in comparison with those of conventional square tubes. Experimental studies on the dynamic performance [5] and imperfection sensitivity [6] of the origami crash box were also conducted. Kite-shape pattern [7] and Tachi-Miura polyhedron bellows [8] were also adopted in the design of energy absorption devices, and an improvement in energy absorption capacity was obtained. Regarding circular tubes, Yang et al. [9] applied diamond origami pattern in circular tubes and achieved a significantly reduced peak force while the energy absorption was not compromised. Wu et al. [10] studied sinusoidal corrugation tubes and found out that both the initial peak crushing force and fluctuations of force-displacement curve were mitigated by the pattern.
In addition, origami-inspired mechanical metamaterials have gained increasing popularity in the ongoing quest for materials with exotic properties such as negative Poisson's ratio [12] [13] [14] [15] [16] [17] and programmable stiffness [18] [19] [20] . Schenk and Guest [12] were among the first to propose a Miura-ori [1] based metamaterial and investigated its geometry, density, and Poisson's ratio in details. Lv et al. [13] also studied the geometry of Miura-folded plates and reported that the Poisson's ratio could be positive by varying pattern geometry. Wei et al. [14] conducted a thorough theoretical analysis of the three-dimensional elastic response of a single layer of Miura-ori folded sheet. By stacking Miuraori sheets, curved origami structures with great morphing capability and self locking response were created [23] . In addition, multi-stable elastic behaviours [24] and structural weight reduction [25] were also achieved. To tune the stiffness of Miura-folded sheets, Silverberg et al. [18] introduced a kind of pop-through defect and obtained the correlation between the in-plane compression stiffness and the number, location, and combination of the defect. Besides, Miura-derivative fold patterns [21] and square twist pattern [22] have also been investigated in the design of origami mechanical metamaterials.
Up to now, most origami structures and metamaterials are formed by repetition of identical pattern unit cells. Those units are either rigid foldable ones, in which the deformation is only caused by rotation of creases while the panels remain rigid, to take advantage of the mechanism motion during deformation [17] , or non-rigid ones to involve global material bending [22] . For a given origami pattern, besides the material selected, the mechanical behaviour is mainly determined by its geometric parameters, and therefore identical unit cells usually lead to uniform structural stiffness. However, under certain circumstances, a graded stiffness could enhance the functionality of metamaterials. For instance, in the design of the body of a transport vehicle which is soft when in contact with a human and but can be very rigid to protect occupants in a crash [26, 27] , or non-lethal projectiles for crowd control or peace support operations [28] , materials with a graded stiffness is advantageous over those with a uniform stiffness. Such functional graded mechanical properties have been widely seen in nature, e.g., bamboos and bones have specifically graded distribution of cell number or cell size to adapt to their expected service environments [29] [30] [31] . Man-made functionally graded structures and materials have also been achieved, mainly by means of changing material density [32, 33] or thickness [34] [35] [36] . However, no origami structure, which is able to systematically achieve graded stiffness through a proper geometric design while still preserving the native folding behaviours of the origami pattern, has been reported. Compared to previous designs with varying density or thickness, such structure can be made out of a single type of sheet materials with a uniform thickness, thereby greatly reducing the manufacturing costs.
Therefore, the objective of this paper is to design an origami structure based on the Miura-ori pattern, which is constructed by unit cells that are geometrically varied over the volume of the material, in order to create graded stiffness and high energy absorption when subjected to quasi-static out-of-plane compression. The layout of the paper is as follows. The geometry of the graded origami structure is first presented in Section 2 . Section 3 gives details about the experimental setup and finite element modelling approach that are adopted in the quasi-static compression study of the origami structure. Subsequently are the results and discussions in Section 4 . And the conclusion is given in Section 5 which ends the paper.
Geometry

Geometric design
A unit cell of the Miura-ori pattern as shown in Fig. 1 (a) is composed of four creases meeting at one point, dividing it into four identical parallelogram panels. It is parameterised by two side lengths a and b , sector angle , and folding angle . The edge angles and , and the dimensions w, l, v , and h can be calculated from the four independent parameters through the following equations [37] 
Tessellating the unit cells in the in-plane x and y directions leads to a Miura-ori sheet, such as the ones with 2 by 2 unit cells in Fig. 1 (b) . To create a 3D structure with geometric gradient, sheets with different sector angles are stacked in the out-of-plane z direction. For instance, joining the two sheets in Fig. 1 (b) leads to a two-layer graded structure. By this means, a graded structure with multiple layers can be formed provided that the following geometric constraints are satisfied [12] = 1 cos 1 cos (7)
Here a 1 , b 1 , 1 , 1 and a j , b j , j , j are respectively the geometric parameters in the base layer which is always defined as the layer with the smallest sector angle and denoted as layer 1, and those in an arbitrary layer j ( j = 2,3,…). Therefore for a multi-layer structure, when the sector angles of all the layers, and the side lengths and folding angle of layer 1 are determined, the geometry of the structure is completely decided. And the overall width W , length L , and height H of the structure can also be obtained
in which m and n are respectively the numbers of unit cells in a single layer in the x and y directions and p is the number of layers stacked in the z direction. Obviously, if all the layers have identical sector angles, a graded structure reduces to a uniform structure with identical unit cells.
Self locking
It can be seen from Eq. (9) that due to the variation in sector angles, the folding angles of the layers are also different, and layer 1 with the smallest sector angle 1 has the largest folding angle 1 . As a result, a graded structure is only rigid foldable, i.e., the deformation is only caused by rotation of creases while the panels remain rigid, within the range of 0 ≤ 1 ≤ 180°. This point is illustrated by the rigid folding process of the two-layer structure in Fig. 1 (c) . It can be seen that when 1 = 180°, layer 1 is completely flattened whereas layer 2 is still partially folded, and the rigid folding motion of the structure is locked by layer 1, i.e., 2 in layer 2 cannot further increase to make this layer flat. After that, the structure has to deform its panels to be further unfolded. The dimensions of a structure at the self locking point can be calculated as follows
where the subscript l means locking. And the displacement d in the z direction from the original to the self locking configurations can also be worked out Since two deformation stages are involved in the structure, a graded mechanical response could be achieved. To illustrate this concept, sixteen graded origami structures with varying geometries were designed, as well as a uniform one to serve as a benchmark. All the structures were composed of four layers each with 2 by 3 unit cells, illustrated in Fig. 2 . The uniform one in Fig. 2 (a) had four identical layers with geometric parameters of 1 = 48°, a 1 = 10.57mm, b 1 = 10mm,
Experimental setup and finite element modelling
Fabrication
Brass (CuZn40) with a thickness of 0.3 mm was selected in the fabrication of the origami structures. A four-step manufacturing process was adopted as shown in Fig. 3 [38] . First, for each patterned sheet, a series of male and female moulds with gradually reducing folding angles were designed and 3D printed with ABS material through a commercial machine Dimension Elite. For instance, four pairs of moulds shown in Fig. 3 (a) with = 140°, 120°, 105°and 93.6°, respectively, were constructed for the patterned sheet with = 48°and = 93.6°. Second, a flat sheet was successively put in between each pair of moulds in the order of descending folding angles and compressed by an Instron 5982 machine to form the pattern ( Fig. 3 (b) ), and then the redundant material from the patterned sheet was removed, see the end product in Fig. 3 (c) . Subsequently, the patterned sheet was heat treated at 500 °C for 8 min to release residual stress created during folding [39] . And finally, four patterned sheets were glued together to form an origami structure. Com- mercially available glue ergo1665NB was adopted. It was determined experimentally that 1.5 g for each specimen was able to maintain structural integrity without noticeably affecting the bending stiffness of the creases. A graded structure 42-46-50-54 constructed in this way is presented in Fig. 3 (d) as an instance.
Experimental setup
To evaluate the mechanical properties of the designs, physical specimens were compressed in the z direction quasi-statically on an Instron 5982 testing machine with an upper loading limit of 100 kN. The experimental setup is illustrated in Fig. 4 . A specimen stood on top of a fixed plate and compressed by a loading plate which was connected to the load cell, both of which were made of acrylic. An aluminium alloy wall was placed on each side of the specimen, and the spacing L l between the walls was so chosen that the layer 1 of a specimen was just able to be completely flat but further lateral expansion was prohibited. Note that for the uniform structure, all layers were flattened at the same time, and therefore no walls were added. Displacement control was applied in the experiments and the loading rate was chosen as 5 mm·min − 1 to avoid dynamic effects. The final compression displacement was chosen as 75% of the structure height to prevent structure densification.
Three specimens of each design were tested, and the specific energy absorption (SEA), defined as the energy absorption per unit mass [40] , of each specimen was calculated to study their energy absorption efficiency. 
Finite element modelling
To understand the behaviours of the structures in more details, numerical simulations of the compression experiments were also conducted using commercial finite element code Abaqus/Explicit [41] . The compression scenario was modelled as a model standing on a stationary rigid plate and being compressed by a moving one. The stationary rigid plate was completely fixed in space, whereas all of the degrees of freedom (DOFs) of the moving one were constrained except for the translational DOF in the z direction. Meanwhile, two completely fixed rigid plates were placed on each side of the model at a distance of L l to simulate the walls in the experiments. A prescribed downward displacement was assigned to the free DOF of the moving rigid plate to control the compression process, and smooth amplitude definition built in Abaqus was assigned to control the loading rate. Different layers in the model were rigidly connected at the folding creases. Four-node shell elements with reduced integration, S4R, were used to mesh the model. Selfcontact was employed to simulate the contacts among different parts of the model, and surface-to-surface contact was defined between the model and each rigid plate. Friction was also considered and the friction coefficient was taken as 0.25 [9] .
The material properties of the brass were characterised through tensile tests of dogbone samples and adopted in the numerical models [42] . The averaged mechanical properties obtained were: Young's modulus E = 111.1GPa, yield stress y = 142.0MPa, tensile strength u = 424.9MPa, and elongation u = 24.2%. The density of the material was found to be 8.33 g cm − 3 .
Convergence tests with respect to mesh density and analysis time, respectively, were also conducted prior to the analysis. Two principles recommended by Abaqus were checked [41] , first of all, the ratio of artificial energy to internal energy was below 5% to make sure that hourglassing effect would not significantly affect results; and secondly, the ratio of kinetic energy to internal energy was below 5% during most of the compression process to ensure that dynamic effect could be considered as insignificant. It was found out that a global mesh size of 0.5 mm and an analysis time of 0.02 s yielded satisfactory results.
Results and discussions
Compression of origami structures
The compressions of the uniform structure 48-48-48-48 and the graded one 42-46-50-54 were first studied to demonstrate the graded stiffness induced by geometric design. The deformed configurations at various stages of compression, the corresponding equivalent plastic strain (PEEQ) contour maps drawn on the undeformed shapes, and the force versus displacement curves of the two structures are extracted from the numerical results and compared with the experimental data in Fig. 5 . Regarding the numerical models in Fig. 5 (a) and (b) , the green ones correspond to the deformed configurations, whereas the blue ones correspond to the undeformed configurations where the PEEQ contour maps are drawn on. Figs. 6 and 7 are also presented in the same way. In both cases, a reasonably good match between numerical and experimental data in terms of deformation modes and force versus displacement curves are achieved. Moreover, the difference in SEA between the numerical and averaged experimental results of model 48-48-48-48 is found to be 6.49%, whereas that of model 42-46-50-54 is 6.96%, thereby validating the accuracy of the numerical simulations. In the following discussions the numerical results will be used to reveal more details.
It can be seen from Fig. 5 (a) that the uniform model 48-48-48-48 is generally folded in a simultaneous manner. Specifically, the deformation process can be approximately divided into three stages. At stage I with a compression displacement up to 1.3 mm, the structure is predominantly in the elastic range as can be clearly shown from the PEEQ contour map, and the force increases rapidly with the displacement ( Fig. 5 (c) ). Subsequently at stage II with a displacement of 1.3-16.5 mm, the contour maps show that the creases are bent into plastic range whereas the panels still undergo negligible plastic deformation. Therefore the assumption of rigid folding is satisfied, and the structure can be essentially considered as a mechanism with plastic creases. Correspondingly, a long plateau is formed in the curve. Finally, all the layers are rapidly flattened and squeezed together after the displacement passes 16.5 mm (stage III at 16.5mm-19.2 mm) . The model is solidified and becomes very difficult to further compress at this stage, leading to a soaring reaction force. The SEA of the uniform model calculated from the force versus displacement curve is 0.82J · g − 1 .
The graded model 42-46-50-54, different from the uniform one, is mainly deformed in a progressive manner. Roughly five stages can be identified from the deformation process in Fig. 5 (b) and the curve in Fig. 5 (d) . The reaction force still goes up quickly at the beginning (stage I at 0-1.2 mm) and then forms a plateau, referred to as a level 1 plateau. The reason for this plateau to occur, similar to the case of the uniform model, is that the graded model initially undergoes a rigid folding motion as explained in the previous kinematic analysis. The level 1 plateau continues up to a compression displacement of 6.7 mm, and then increases substantially from 873 N to reach a second peak of 2053 N at a displacement of 9.4 mm. To this point, it has been demonstrated that a graded stiffness is achieved in the structure. To understand the underlying mechanism responsible for the change in stiffness, the deformation process of the model between 6.7 mm and 9.4 mm was taken a close look at. At 6.7 mm, layer 1 is nearly flattened. However, it can be seen from the enlarged crease configuration that since the crease takes the shape of a sharp line instead of a curved surface with a finite width and radius, it is very difficult to be completely unfolded to 180°. As a result, the panels in the neighbourhood have to bend. And when the panels almost bend to flat, further flattening of layer 1 requires stretching more than bending of the panels, which needs a substantially higher force. This transition in deformation mode explains why the force rises at a displacement of 6.7 mm. Meanwhile, the rise in force causes noticeable panel buckling and bending in layer 2, leading to plastic deformation in panels which is clearly demonstrated by the PEEQ contour map at a displacement 9.4 mm. When layer 2 starts to collapse, its load-bearing capacity reaches its maximum. This explains why the force does not rise further at 9.4 mm. Two conclusions can be drawn from the result. First of all, as expected from the kinematic analysis, the flattening of layer 1 locks the rigid folding motion of the structure and generates a sharp increase in reaction force, i.e., self locking is triggered in the structure leading to graded stiffness. Secondly, the theoretical self locking point of the model when 1 = 180°is a displacement of 9.4 mm in the z direction, whereas the numerically obtained one is 6.7 mm. This mismatch is mainly because the difficulty in completely flattening the sharp creases makes self locking appears in advance of the theoretical prediction. Further compression of the structure leads to a successive flattening of layer 2 (stage III at 9.4-13.0 mm) and layer 3 (stage IV at 13.0-17.2 mm), which forms a level 2 plateau in reaction force. Note in the experiments the two local peaks in this range have different magnitudes, whereas those in the numerical simulation are very close. This disparity is mainly caused by the imperfect bonding between layers in the physical specimens, which lowers the first local peak. Finally at stage V from 17.2 mm to 19.4 mm, layer 4 is squeezed, and the force forms a short plateau, referred to as a level 3 plateau, and then increases again until the end of the compression process. Regarding energy absorption, the SEA of the graded structure rises to 1.69J · g − 1 owing to large panel bending deformation, 106.10% higher than that of the uniform one.
Effects of sector angle
Having demonstrated the gradient response and energy absorption of the graded structure, the effect of sector angle variation was further studied through four more numerical models with increased sector angle intervals, namely, 45-47-49-51, 43.5-46.5-49.5-52.5, 40.5-45.5-50.5-55.5, 39-45-51-57. The force versus displacement curves of the models are drawn in Fig. 6 (a) , and the displacement corresponding to the theoretical self locking point of each model are marked on the curve. The configurations of the models corresponding to the respective self locking points are also presented in Fig. 6 (b) . First of all, a level 1 plateau always occurs at the early stage of compression in accordance with the rigid folding motion of a model. Since the models have different rigid folding motion ranges dictated by their geometric parameters, the ranges of the plateaus also vary. But a common feature shared by the models is that the end of the plateau is always in advance of the theoretical self locking point due to the reason mentioned before. The magnitudes of the plateaus, on the other hand, are only marginally affected by the variation of the sector angle. This is because at this stage the force is mainly used to overcome the rotational stiffness of the creases which is the same for all the models.
Secondly, all the curves rise sharply to a second peak after the plateaus, but the larger the sector angle interval, the higher the second peak. The reason is that the increase in sector angle interval causes larger geometric mismatch between layers, which requires a larger force to overcome. And finally, subsequently flattening of layers 2-4 of the models leads to fluctuations and plateaus in their respective curves, but the number of plateaus depends on sector angle intervals. The results show that when the interval is too small as in the cases of 45-47-49-51, or too large as in the case of 39-45-51-57, only two plateaus appear due to that layer 4 tends to deform simultaneously with layer 3, leading to the merging of level 2 and level 3 plateaus. Regarding energy absorption, the SEA of the models listed in Table 1 are drawn with respect to sector angle intervals in Fig. 6 (c) . A monotonic increase approximately in a linear manner is achieved. And the highest SEA achieved in model 39-45-51-57, 2.51J · g − 1 , is 306.1% of that of the uniform one. In other words, a threefold increase is realised. 
Effects of layer stacking order
To further optimise the geometry of the graded structure, the stacking order of the layers was also changed. Here the model 42-46-50-54 was selected as the baseline, and another 11 variations, namely, 42-46-54-50, 42-50-46-54, 42-54-46-50, 42-54-50-46, 42-50-54-46, 50-42-54-46, 50-54-42-46, 54-42-46-50, 54-42-50-46, 54-46-42-50, and 54-50-42-46, were built and analysed numerically. The reaction force versus displacement curves of all the models were extracted from the numerical results, and their SEA were also calculated and listed in Table 1 .
The results indicate that changing layer stacking order affects both the curve shape and energy absorption of a graded structure. Three representative models, 42-54-50-46, 54-42-46-50, 54-50-42-46 which were found to generate force curves with different number of plateaus, are presented in Fig. 7 (a) together with that of the baseline 42-46-50-54. It can be seen that by varying layer stacking order, two-level, three-level, and four-level graded stiffness are successfully created. In terms of energy absorption, model 42-54-50-46 with four-level graded stiffness has the largest SEA of 1.92J · g − 1 , 13.61% higher than that of the baseline 42-46-50-54, and 134.15% higher than that of the uniform one 48-48-48-48. Notice that despite the optimal stacking order being obtained, the relationship between stacking order and the mechanical properties of the structure is not fully understood, which requires further investigation.
Having determined the optimal stacking order, three physical specimens of model 42-54-50-46 were built using the same technique as illustrated before and compressed quasi-statically. The deformation process of the physical specimen is presented in Fig. 7 (b) , which excellently replicates what is obtained numerically. Moreover, the experimental and numerical force versus displacement curves drawn in Fig. 7 (c) also matches reasonably well in shape, with a SEA difference of 9.71% being achieved.
Conclusion
In conclusion, we have designed a graded structure based on the Miura-ori pattern to achieve both graded stiffness and superior energy absorption performance. Specifically, we have found that the new structure undergoes both mechanism mode where the deformation is concen-trated on the creases and structural mode where both creases and panels are deformed, and the transfer from the first to the second is realised through an intrinsic self locking geometric constraint. We have demonstrated both experimentally and numerically that the graded structure is able to generate up to four-level graded stiffness which can be tuned through its geometric parameters. Moreover, the graded structure has superior energy absorption efficiency, with a threefold increase in SEA being achieved in the optimal case in comparison with uniform structures. The design proposed here is purely geometric, and therefore can be readily used to create origami mechanical metamaterials provided that the unit sizes are scaled down. Our work provides a new avenue in the design of origami structures and mechanical metamaterials that are tunable and adaptable to external loads.
